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Abstract: We developed a general method for evaluating the energy spectrum evolution of rela-
tivistic charged particles that have undergone small quantum losses, such as the ionization losses
when the electrons pass through matter and the radiation losses in the periodic fields. These pro-
cesses are characterized by a small magnitude of the recoil quantum as compared with the particle’s
initial energy. The ‘detector’ function for arbitrary recoil spectrum is derived in addition to the
straggling function. These functions are determined by the average number of scattering events
undergone by the particle over the length of the detector (ionization losses) or the periodic field
and the specific spectrum of the recoil. Moments for both the straggling function and the detector
function are derived. The minimum average number of recoils, above which both functions depend
only upon the mean energy of recoil quantum, is estimated. The average of this number is about 10
recoil events.
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1 Introduction
Relativistic charged particles passing through the matter or (periodic) field, suffer a degradation of
their energy due to various interaction processes. In some of the processes, namely the ionization
losses in matter and the radiation losses in periodic structures — channeling radiation in crystals,
Compton inverse radiation in laser pulses or radiation in undulators — portion of the energy lost in
each interaction is small as compared to the initial energy of the particle. These physical processes
are widely employed in the detectors of the charged particles, e.g., silicon detectors [1] (ionization
losses) and the so-called ‘laser wire monitors’ [2] (Compton scattering).
Study of the classical problem — the spectrum evolution of the charged particles undergone
the ionization losses — began many decades ago, see [1, 3] and the references therein. Degradation
of the energy of the electron beams due to radiation in the periodic structures has been under study
since the end of twentieth century, see [4–8]. Such a process may be attributed to the quantum
radiation effects below the radiation dominance, see [9].
Formally, the problem setup was the following. A relativistic charged particle traversing a
uniform matter or a periodic field, loses a small fraction of the initial energy γ0 randomly in the
form of small but definite independent portions with the maximum recoil energy ωmax: ωmax  γ0,
xωmax  γ0 with x being the average number of scattering events over a fixed path length. Here
and below we use the reduced energy units: γ is the energy of the charged particle,  is the energy
in the straggling and the detector spectra, ω is the energy of the spectrum of the recoil quantum, all
are dimensionless, normalized to the energy unit, e.g., to the charged particle rest energy.
The initial spectrum f0(γ) of a beamof charged particles having traversed themedia of thickness
∆ is transformed into f∆(γ). These two spectra are connected with the so-called ‘straggling function’
S∆() via cross-correlation operation:
f∆() = ( f0 ? S∆) () , (1.1)
where ? is the cross correlation operator,
(g ? h) (y) ≡
∫ ∞
−∞
g(x + y)h(x) dx .
The goal of the experiments is to derive the third function from the two known ones. The
problem is that the ‘detector’, e.g. a bulk of matter traversed by the beam or a target irradiated by
the beam emitted x-rays, registers the signal G∆() which in general does not coincide with the
straggling function.
In this paper we consider the relation of the detector function to the straggling function.
2 Kinetics of the particles and the straggling function
Specific features of the ‘small’ losses are: (i) small magnitude that allows to consider them
independent of particles’ energy; (ii) compact support of the recoil spectra: with the minimum
loss magnitude of ωmin ≥ 0, and the maximum loss of ωmax. Thus, the spectrum of losses (the
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differential cross-section as in [1, 10]) has a compact support, ωmin ≤ ω ≤ ωmax, and can be
normalized∫ ∞
−∞
W(z, ω) dω < +∞ → W(z, ω) = W(z, ω)
∫ ∞
−∞W(z, ω) dω∫ ∞
−∞W(z, ω) dω
= ψ(z)w(ω) , (2.1)
where z is the coordinate along the axis of the system.
The normalization (2.1) is equivalent to the presentation of the energy losses as statistically
independent quantum recoils with the probability of ψ(z) and the basic spectrum of w(ω), see [1, 8].
2.1 Kinetics of the charged particles
As we have shown in our recent paper [8], under the condition of small losses, a solution to the
balance equation [11, 12],
∂ fx(γ)
∂x
=
∫ ∞
−∞
w(ω) [ fx(γ + ω) − fx(γ)] dω,
(also known as the transport equation, [1]) — the characteristic function of the spectrum evolution
— is
fˆx = fˆ0ex(wˇ−1) , (2.2)
where f0(γ) = fx=0(γ) is the initial spectrum, x =
∫ z
0 ψ(ζ) dζ is the mean number of collisions from
the entry to the system up to the coordinate z, gˆ ≡ F {g} is the Fourier transform of the function g
and gˇ ≡ F −1{g} is the inverse Fourier transform.
As was shown in [8], this solution may be presented as the Poisson-weighted sum of the
self-states Fn (the spectrum taken in exact n recoils), see [1, 4]:
fx(γ) =
∞∑
n=0
e−x xn
Γ(n + 1)Fn(γ) ; (2.3a)
Fn(γ) = (w ? Fn−1)(γ) , F0(γ) = f0(γ) . (2.3b)
The straggling function, normalized to unity, presents the loss spectrum: only the particles that
have undergone at least one recoil contribute to it. The characteristic function for the straggling
function and its Poisson-weighted expansion are
Sˆx = wˆex(wˆ−1) , Sx() =
∞∑
n=0
e−x xn
Γ(n + 1)F
′
n() , (2.4)
F ′n = F
′
n−1 ∗ w , F ′0 = w .
where ∗ stands for the convolution operation, (g ∗ h)(y) =
∫ ∞
−∞ g(x)h(y − x) dx, see [1]. Comparing
(2.4) with (2.3), one may see that F ′n() = Fn+1(γ0 − ).
2.2 The detector function
Implying a linear detector that collects the losses over the interval [0, x], we get the detector function
(normalized to unity):
Gˆx =
wˆ
x(wˆ − 1)
[
ex(wˆ−1) − 1
]
; Gx() = 1x
∞∑
n=0
[
1 − Γ(1 + n, x)
Γ(1 + n)
]
F ′n() , (2.5)
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Figure 1. Poisson weights (left) and integral weights (right) vs. average number of recoils for n = 0, · · · , 5.
where Γ(1 + n, x) is the (upper) incomplete gamma function. The self-states F ′n() are the same as
in the straggling function (2.4).
Comparing the straggling function (2.4) with the detector function (2.5), we should emphasize
the different weights with which the self states contribute to them: the Poisson weights for the
straggling spectra and the ‘integral Poisson’ for the detector function, as is depicted in figure 1.
As can be seen from figure 1, the Poisson weight reaches its maximum at n = x for n > 0,
while the straggling weight reaches maximum much later.
2.3 Moments
Following the procedure described in [8], we can derive the moments of the detector function (2.5)
and the straggling function (2.4). The first three moments — the mean energy  , the variance
Var[] ≡ ( − )2 and the skewness Sk[] ≡ ( − )3 — for both the detector function (left column)
and the straggling spectrum (right column, see [8]) — are:
 =
(
1 +
x
2
)
ω ,  = (1 + x)ω ; (2.6a)
Var[] =
(
1 +
x
2
)
ω2 +
(
x2
12
− 1
)
ω2 , Var[] = (1 + x)ω2 − ω2 ; (2.6b)
Sk[] =
(
1 +
x
2
)
ω3 +
(
x2
4
− 3
)
ω2 ω + 2ω3 , Sk[] = (1 + x)ω3 − 3ω2 ω + 2ω3 . (2.6c)
Here ω is the mean energy and ω2 is the dispersion (the second raw moment) of the basic recoil
spectrum w(ω).
As can be seen from (2.6), the moments of the straggling function and the detector function —
being equal to each other and to that of the recoil spectrum at x = 0 —behave in different ways with
increase of x (the detector ‘thickness’). The mean energy,  , is smaller for the detector function
than the straggled, almost twice at x  1; the variance (width) of the detector function is smaller
for x < x∗ and larger above x∗. The quantity,
x∗ = 6ω2/ω2 , (2.7)
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Figure 2. Left: Self states, right: Poisson-weighted (straggling) distribution (p) and ‘detector’ distribution
(g) for x = 0.1, 1.5.
may be regarded as a limit above which the detector function does not convey information on the
particular shape of the recoil spectrum. For physically possible recoils this parameter gets the value:
6 ≤ x∗ ≤ 12.
3 Ionization losses and radiation in periodic structures
Both the straggling spectrum and the detector function depend on the energy through the same set
of the self-states; the difference is the weights, which are determined by the average number of the
recoils.
3.1 Ionization losses
We illustrate the developed method with a qualitative study of the ionization losses. Lets consider a
simplified recoil spectrum extended from the minimum to the maximum energy, ωmin ≤ ω ≤ ωmax,
with the declining dependence on the energy loss, w(ω) ∝ ω−2, see [11, 12]. We then study a
smoothed spectrum depicted in figure 2, the self-state n = 0.
Dependence of contributions of the first four self-states on the cumulative spectrum of the
average number of scattering is presented in figure 2. The case of ωmin = 0.4, ωmax = 4 is
considered.
A general characteristic of the self states, which stem from the convolution (cross correlation)
procedure, is the following: n self-state has compact support [nωmin, nωmax], i.e., each subsequent
state is wider and smoother than previous, see also [8] for the dipole radiation recoils. For the
particular dependence ∝ ω−2 of the basic function w(ω) (zero self-state) nth self state behaves as
∝ ω−(n+2).
The low-energy part of the detector function does not change its shape with the increase in
the thickness of the radiator: it builds up with x to saturation and the tail of the function extends
∼ ωmax(1 + x). From the physical point of view, the tail length remains finite since there is a finite
maximum number of recoils, nmax < ∞, due to the finite number of the electrons with which the
charged particle can interact over a finite pass length (or a finite number of the driving field periods).
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3.2 Radiation from the periodic structures
Specifics of the periodic structures are the following: (i) the periodic structure may be the quasi-
periodic, with the field strength varying slowly such as in laser pulses or tapered undulators and (ii)
the ‘detector’ registers only a small fraction of the emitted radiation spectrum (in most cases along
the charged particle average trajectory).
The first feature, quasi-periodicity, implies a nonlinear dependence of the average number of
recoils x on the physical length of the trajectory z: the function ψ(z) in eq. (2.1) therefore is not
constant.
A consequence of the second feature is that the straggling function resembles the particle
spectrum in the primarily employed case of the pin-hole collimation of the detector placed collinearly
with the averaged particle trajectory, see [13].
In this case the detector function is integral of the kinetic spectrum (2.3) with f0 = δ(ω−ωmax),
where ωmax is the maximum energy of the photons emitted by the electron with the initial energy
γ0.
Respectively, the moments of the detector function, which in this case yields the spectrum of
radiation, read:
 = ωmax
(
1 − xω
2γ0
)
, Var[] = x
2
ω2 +
x2
12
ω2 . (3.1)
For the dipole radiation, emitting from the undulator with small deflection parameter or small-
power laser pulse, the detected variance becomes equal to the beam spectrum variance at the average
number of scattering events x∗ = 8.4. This quantity defines the limit above which the specific shape
of the recoil spectrum becomes not distinctive in the detected spectrum.
A similar to (3.1) expression for the mean energy of the multiphoton channeling radiation was
obtained in [14] with different technique.
4 Conclusion
A general method for the evaluation of the straggling function for arbitrary loss spectrum was
proposed and considered. It was shown, that the different known methods for computation of
the straggling function (see the report [1]) — the transport equation, the convolution method, the
method of moments — have the same basis: the transport equation (also referred to as the balance
equation). This equation describes the evolution of the spectrum of the charged particle that loses
its energy in small fractions.
The particle is considered the source of the signal registered by the detector. Thus the detector
collects the signals produced by the evolving particle spectrum from the entire volume of the
detector itself (ionization losses) or the periodical field (radiation losses). It was found that the
evolution of the spectrum as well as the detected signal was determined by the spectral shape of
the individual recoil quantum. The derived characteristic functions for the evolution of the charged
particle spectrum and the detected signal are determined as the Fourier transform of the recoil
spectrum and the average number of the recoils.
Both the straggling spectrum of the particles and the detected (integral) spectrum can be
presented as a weighted sum of the self-states. The self-states are the same for the straggling and
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the detected spectra, but the weights are different: the Poisson ones for former and the integral
Poisson for the latter. The moments of both the straggling and the detected signal are evaluated
for the arbitrary recoil spectrum. It should be emphasized that the description of the distribution
density function with the moments has a physical meaning for relatively thick radiator, x > x∗,
while a particular shape of the recoil spectrum does not matter.
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